Abstract-The design of a Model Predictive Control (MPC) strategy for the closed-loop operation of an Artificial Pancreas (AP) for treating Type 1 Diabetes Mellitus (T1DM) is considered in this paper. The contribution of this paper is to propose two changes to the usual structure of the MPC problems typically considered for control of an AP. The first proposed change is to replace the symmetric, quadratic input cost function with an asymmetric, quadratic function, allowing negative control inputs to be penalized less than positive ones. This facilitates rapid pump-suspensions in response to predicted hypoglycemia, while simultaneously permitting the design of a conservative response to hyperglycemia. The second proposed change is to penalize the velocity of the predicted glucose level, where this velocity penalty is based on a cost function that is again asymmetric, but additionally state-dependent. This facilitates the accelerated response to acute, persistent hyperglycemic events, e.g., as induced by unannounced meals. The novel functionality is demonstrated by numerical examples, and the efficacy of the proposed MPC strategy verified using the University of Padova/Virginia metabolic simulator.
I. INTRODUCTION A. Background
Type 1 Diabetes Mellitus (T1DM) is a metabolic autoimmune disease characterized by the destruction of the pancreas' beta cells, and results in the body being incapable of producing insulin, a hormone that serves at least two important functions. The first is to facilitate the absorption of glucose from the blood-stream into many types of cell. The second function is to participate, in conjunction with glucagon (insulin's antagonist), in the endocrine feedback loop that regulates the liver's release/removal of glucose into/from the blood-stream. People with T1DM require the delivery of insulin into their blood-stream from an external source in order to fuel their cells, and furthermore tend to suffer great difficulty maintaining healthy blood-glucose levels. Hypoglycemia has very near-term consequences and may result in, e.g., dizziness or disorientation if mild, fits or unconsciousness if serious, and coma or death in severe cases. In contrast, a hyperglycemic state has few consequences if it is brief. However, a blood-glucose level that is high on average over long periods of time may result in a variety of health problems, e.g., cardiovascular disease, kidney failure and retinal damage, possibly many years down the line.
The overall goal of this work is an Artificial Pancreas (AP) for the automated delivery of insulin to people with T1DM
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For correspondence contact Francis J. Doyle III. The authors gratefully acknowledge funding provided by the National Institutes of Health (NIH): DP3DK094331, R01DK085628. [1, 2, 3, 4, 5] . In particular the subcutaneous-subcutaneous AP scheme is considered, i.e., an AP where insulin delivery (control input) is performed by a Continuous Subcutaneous Insulin Infusion (CSII) pump, and glucose sensing (output measurement for feedback) is based on a Continuous Glucose Monitor (CGM) [6] . A crucial element of any fully automated AP is a feedback control law that performs algorithmic insulin dosing that is effective and safe. For example, glycemia controllers based on Model Predictive Control (MPC) [7, 8, 9, 10, 11] or proportional-integral-derivative control [12, 13] have been proposed. The authors' group has been focusing increasingly on developing zone-MPC strategies [14, 15, 16, 17] , whereby blood-glucose levels are controlled with respect to the inclusion within a safe zone, rather than to track a singular set-point. This has proven effective in reallife operation of the controller for two reasons. First, there is generally a significant plant-model mismatch due to the large inter-and intra-subject variability of humans' physiology. Second is that the feedback signals, an estimate of the blood-glucose level provided every 5 minutes by a CGM, suffers large errors and delays, both of which have timevarying properties and have proven difficult to model and correct for. The use of zone-MPC provides robustness against excessively responding to noise in the state estimate when the blood-glucose level is estimated to be within the safe zone.
B. Asymmetric input cost functions
Typical MPC formulations employ quadratic functions to penalize output (predicted blood-glucose value) and input (predicted insulin delivery) deviations. The output deviation is the difference between the predicted blood-glucose level and the set-point, or, in the case of zone-MPC, the distance to the safe zone. The input deviation is usually the difference between the absolute insulin infusion rate and the subject's basal infusion rate -the insulin infusion rate that maintains a steady blood-glucose level in a resting and fasting state. Note that a pump-suspension, i.e., a zero delivery in absolute terms, is a control input of the negative basal rate from the point of view of the controller. Positive and negative deviations of equal size are typically penalized equally, i.e, the quadratic cost functions are symmetric. This poses a challenge: A controller tuned to respond conservatively to hyperglycemia, i.e., does not over-deliver in response to high blood-glucose values, has difficulty performing a pump-suspension in the face of hypoglycemia. Conversely, a controller tuned to easily perform pump-attenuations tends to over-correct hyperglycemia, resulting in controller induced hypoglycemia and oscillations following blood-glucose highs. When using symmetric input cost functions the AP's responses to hyperglycemia and hypoglycemia are coupled, and a design trade-off must occur. Implementations of MPC for an AP typically require supervisory control and alarm systems to mitigate the effects of this trade-off and enforce pump-attenuation despite the MPC being tuned for an appropriate response to hyperglycemia.
The first of two contributions of this paper is to propose asymmetric quadratic input cost functions, specifically, a quadratic function for penalizing negative control inputs (pump-attenuations) with a lower cost then the quadratic function for penalizing positive control inputs (infusion rate increased above basal rate). Thus the design of an AP's responses to hyperglycemia and hypoglycemia is decoupled.
The use of asymmetric cost functions in MPC of an AP was considered in [9, 18, 19, 20] . Those works slightly differ in motivation and implementation, but share two important similarities with one another. First, the asymmetry is applied to the output cost function, not the input cost function. This is in some sense irrelevant, because it is the ratio of output-cost vs. input-cost that determines the controller's behavior. However, the aforementioned references attempted to address the asymmetry of the glycemia control problem in terms of risk, in that a glucose deviation below the zone is more risky than one above the zone. In contrast, the objective in this paper is to facilitate swift pump-attenuations by reducing the input cost for negative inputs. Importantly, the level of asymmetry in this paper's proposal is much greater than in the referenced works. An increased risk of a low blood-glucose value by some factor does not imply that the best response is a pumpattenuation by that factor. Because insulin delivery cannot be reversed or corrected for (bar bi-hormonal control and rescue carbohydrates), a hypoglycemic state requires very "aggressive" pump-suspension. The second similarity is that in the aforementioned works the asymmetry was either only considered within a benchmark problem for in silico tests, and not meant for implementation, or considered beneficial in in silico tests, but the idea abandoned for clinical trials. In contrast, the asymmetric cost functions proposed here have obtained Food and Drug Administration (FDA) approval and are being employed in clinical trials at the time of writing.
C. Velocity penalty MPC
To the authors best knowledge the models employed for MPC of an AP always have a single, scalar output; a bloodglucose value, typically the deviation from some safe level y s . In this work y s := 110 mg/dL. If the model (and state-estimator) were error-free then a scheme penalizing this output, with sufficiently long prediction horizon, should produce a desirable result. In practice it is difficult to obtain accurate models, and a prediction horizon of 45 min is the longest that yields useful predictive powers employing the model of [16] , also employed in this work. Note that this prediction horizon is significantly shorter than the time-scales of the system. For example, in response to a meal the bloodglucose level may take 1-2 hours to peak, and 4-5 hours to descend back to a fasting value. Thus the "proportional action" nature of the typical MPC implementations results in an insulin infusion trajectory that mimics, in shape, the blood-glucose trajectory. This results in an insulin delivery that exceeds the basal-rate long after meal intake, even after the blood-glucose level has peaked and is descending. In contrast, optimal insulin therapy performed manually by subjects involves delivering a large insulin bolus at, or close to, the time of meal ingestion, and delivering the basalrate thereafter. Such feed-forward action in combination with a feedback-control AP has proven effective. However, the goal of this work is the design of an MPC strategy that performs well based on pure feedback, in order to tackle, e.g., unannounced (i.e., no accompanying bolus) meals.
The second of two contributions of this paper is to propose an MPC design that attempts to mimic the optimal basalbolus therapy, by delivering more insulin before bloodglucose peaks, and returning to close to the basal-rate when the blood-glucose value is descending. This is achieved by augmenting the insulin-glucose model of [16] with a second output, providing an estimate of the current velocity of the blood-glucose level, and penalizing the velocity by a quadratic function. However, the quadratic function is again asymmetric, because only blood-glucose rises are penalized, not drops. Furthermore, the quadratic function is state-dependent, because blood-glucose rises should only be penalized when the blood-glucose level is high.
II. MPC DESIGN A. Insulin-glucose transfer function
The insulin-glucose model of [16] is employed in this paper and is summarized as follows. The model is a discretetime, linear time-invariant (LTI) system with sample-period T s = 5 [min]. The time step index is denoted by i. The scalar plant input is the administered insulin bolus u IN,i [U] delivered per sample-period, and the scalar plant output is the subject's blood-glucose value y BG,i [mg/dL]. The plant is linearized around a steady-state, that is assumed to be achieved by applying the subject-specific, time-dependent basal input rate u BASAL,i [U/h], and is assumed to result in a steady-state blood-glucose output y s = 110 [mg/dL].
The LTI model's input u i and output y i are defined as:
Ts 60 min
We denote by Z −1 the backwards shift operator, by Y(Z −1 ) and U(Z −1 ) the z-transform of the time-domain signals of input u i and output y i , respectively. The transfer characteristics from u to y are described by
with poles p 1 = 0.98, p 2 = 0.965, a so-called safety factor F := 1.5 (unitless, can be personalized, but fixed to 1.5 throughout this paper), the subject specific total daily insulin amount u TDI [U] (positive scalar), and where the constant
is employed to set the correct gain, and for unit conversion. The 1800 term is from the "1800 rule" to estimate bloodglucose decrease w.r.t. delivering rapid-acting insulin [21] .
B. Augmented state-space model
The state-space realization of (1) used in this paper is
The triple (A, B, C y ) describes (1). However, for this work a second output was desired, in order to penalize the rate of change of the blood-glucose output y. From the structure of A and C y it can be seen that, without plant-model mismatch,
The second output matrix, C d , was chosen such that the auxiliary output d i of (2c) provides an estimate of the average, over the next 2T s = 10 min, rate of change of blood-glucose level, in units mg/dL/min.
C. State-estimation
An estimate of the state is provided at each step i by a linear state-estimator (see, e.g., [22] ). For brevity the stateestimator details are omitted, thus we make the simplifying assumption that the state x i is available for all i. No notational distinction is made between the actual and estimated state, because the state x of model (2) can only be estimated.
D. Safe blood-glucose zone
In this work the safe blood-glucose zone, i.e., the bloodglucose values for which only the basal-rate is delivered, is the range [80, 140] mg/dL, the same as in [14, 16] . For simplicity the zone is time-invariant, in contrast to [17] .
Let Z : R → R denote the zone-excursion function:
E. Insulin delivery constraints
At each step i the controller must enforce the constraint
where u MAX denotes the maximum bolus size the CSII pump of choice is capable of delivering. In this work we choose u MAX = 25 [U]. Note that this bolus size is so large it is highly unlikely to ever be commanded by the controller. In practice it is common to enforce further constraints on the insulin delivery, e.g., so-called insulin on board (IOB) constraints [23] , or input constraints that depend on the time of day to reduce the risk of nocturnal hypoglycemia [17] . The lack of IOB constraints in the exposition of this paper renders the proposed method, as presented here, inappropriate for announced meals, i.e., scenarios where meal-ingestion is accompanied by a large insulin bolus. In this work supplementary input constraints are dispensed with in order to elucidate the effects of the proposed MPC design without mixing in consequences due to auxiliary mechanisms.
F. MPC problem
For MPC background and fundamentals the reader is referred to [24, 25] . We denote by Z + the set of positive integers, by Z b a the set of consecutive integers {a, . .
We further denote by N y ∈ Z + the prediction horizon, by N u ∈ Z 
and subject to
(5b)
Eqs. (5a)-(5d) enforce the prediction dynamics of model (2), initialized to the current state (see Section II-C). Eq. (5e) enforces constraint (3) across the control horizon. Eq. (5f) implies that beyond the control horizon exactly the basal-rate is delivered. Eqs. (5g)-(5h) provide output signals to penalize in (4), where use of max(·) facilitates an asymmetric weighting, penalizing only the positive velocity. Eqs. (5i)-(5j) provide the positive and negative deviations of the input u from the basal-rate, respectively, and again facilitate the implementation of an asymmetric cost function. Eq. (5k) performs state-dependent switching, to penalized only when the estimated blood-glucose level exceeds the safe zone. Note that at each step i, despite the use of zones and asymmetric cost functions, the above MPC Problem can be cast as a continuous, strictly-convex quadratic program (QP). This is explained further in the Appendix.
Eq. (5k) signifies that a positive blood-glucose velocity d is only penalized in (4) if the current, estimated blood-glucose value exceeds 140 mg/dL. Replacing the statement "if y i ..." with "if y k ..." results in state-dependent switching at each prediction step. This could be achieved, e.g., using the mixed logical dynamical hybrid systems approach [26] , but would require the solution of mixed-integer QPs. The FDA has in the past approved the use of QPs for clinical trials, but it is not clear whether mixed-integer QPs would receive approval. Hence the approach of Eq. (5k) is favored for now.
III. DEMONSTRATIVE EXAMPLES
In this section one in silico adult subject of version 3 of the University of Padova/Virginia FDA accepted metabolic simulator [27] is used to demonstrate the superiority of asymmetric input cost functions, and the usefulness of velocity penalty MPC, in Sections III-A and III-B, respectively. The subject is adult number 1, and has a fairly standard response. For clarity of exposition the feedback signal employed for state-estimation is based on CGM without stochastic additive disturbances. However, other CGM dynamics modeled by the simulator, e.g., delays due to interstitial transport and sampling, are included. Note that, for demonstration, the controller tunings are highly individualized to the single adult.
A. Asymmetric input cost function
The use of asymmetric input cost functions is demonstrated via an MPC strategy with no velocity penalty (D = 0). The closed-loop simulation starts at 8am. At 9am a 2 U bolus is delivered in order to mimic the spontaneous occurrence of a hypoglycemic event. At 2pm a 90 gCHO meal is ingested that is unannounced, i.e., no feed-forward meal-bolus is delivered. Blood-glucose and insulin delivery trajectories are depicted in Fig. 1 .
Three tunings are considered: A symmetric high cost, a symmetric low cost, and an asymmetric cost that is high for positive inputs and low for negative inputs. With the symmetric high cost, the pump fails to perform a pumpsuspension around 10am despite acute hypoglycemia, but delivers appropriately conservatively w.r.t. the meal, from 2-7pm. Using the symmetric low cost, the pump appropriately suspends delivery around 10am, but catastrophic overdelivery occurs in response to the meal around 3pm. Use of the asymmetric cost function permits the pump to both appropriately suspend in response to hypoglycemia, and also deliver appropriately conservatively w.r.t. the meal.
B. Velocity penalty MPC
Velocity penalty MPC is demonstrated in this section. The closed-loop simulation starts at noon. At 2pm a 90 gCHO, unannounced meal is consumed. Four controller tunings without velocity penalty (D = 0) are considered:R = 7000, R = 5000,R = 3000,R = 1500. Note that a smaller value ofR implies the controller more actively attempts to correct the meal-disturbance. Based on the least conservative tuning withR = 7000, four further controller tunings with velocity penalty are considered: D = 0 (as before), D = 1500, D = 3000, D = 6000. Note that, in this case, a larger value of D implies the controller more actively attempts to correct the meal-disturbance. For all casesŘ = 100.
Blood-glucose and insulin delivery trajectories are depicted in Fig. 2 . The top subplots are for the cases without velocity penalty, the bottom subplots with. Note that the least conservative response (green) is identical in both upper and lower subplots. The three respective controller tunings that are not the most conservative one were chosen because they result in, respectively, glucose trajectories with similar characteristics after about 7pm. With velocity penalty MPC the blood-glucose peaks are clearly lower, and occur earlier, than in the traditional MPC case. This is caused by a markedly increased insulin delivery towards the start of the meal-disturbance before 3pm.
Plotted in Fig. 3 are the responses of the third most aggressive controllers without and with velocity penalty, as plotted by a red line in the upper and lower, respectively, subplots of Fig. 2 . Also plotted in Fig. 3 are the responses when employing the most conservative MPC scheme with 50% and 100% meal-boluses delivered at mealtime. Clearly the feed-forward action is far superior. Nevertheless, the velocity penalty is beneficial; with velocity penalty the peak is lower, and the minimum at 8pm is higher, than with the analogously tuned traditional MPC scheme.
IV. IN SILICO TESTING -10 IN SILICO ADULTS
In this section the 10 in silico adult subjects of the commercial version (v3) of the University of Padova/Virginia FDA accepted metabolic simulator [27] are used to verify the control performance of the proposed MPC strategy. In contrast to Section III, here CGM feedback signals include stochastic disturbances. Closed-loop simulations start at noon and one unannounced 75 gCHO meal is provided at 2pm. Two controller setups are compared: 1) The "traditional-MPC" scheme employes a symmetric input cost function (R =Ř = 11000) and no velocity penalty (D = 0); 2) the "proposed-MPC" scheme employs an asymmetric input cost function (R = 18000,Ř = 100) and includes a velocity penalty (D = 1800). These tunings were chosen because they achieve acceptable control performance on average. Neither controller may be considered the optimal in its class. Fig. 4 shows the mean, and min-max envelopes, of the blood-glucose and insulin delivery trajectories. With the proposed-MPC scheme the means' peak-to-peak distance is shorter, and the return to the safe zone is accellerated. This is achieved by delivering significantly more insulin during the uphill portion of the meal response. Fig. 5 shows the Control-Variability Grid Analysis (CVGA) [28] plot. This demonstrates also that, individually, the blood-glucose maxima are lower, the minima higher, and that the cluster of points is tighter, when using the proposed-MPC scheme.
Except for a simple mechanism to enforces the pumpdiscretization, the controllers contain no auxiliary functionality over that described in Section II. Thus, no special safety constraints are enforced, and no rescue-carbohydrates given in response to hypoglycemia. This is not how a clinical trial would be performed, but is intended to demonstrate the action of the "pure" control laws. However, the UCSB Health Monitoring System [29] was running during the simulations: The proposed-MPC scheme resulted in no hypoglycemia alarms, whereas the traditional-MPC strategy resulted in four.
V. CONCLUSION
A novel MPC strategy for controlling an AP that treats T1DM was presented, and its efficacy demonstrated by simulations. The proposed strategy is novel for two reasons.
First, asymmetric input cost functions are employed to facilitate the independent tuning of the responses to hyperglycemia and hypoglycemia, allowing an AP to be both conservative w.r.t. hyperglycemia, and also to enforce "aggressive" pump-attenuations when faced with hypoglycemia, without requiring supervisory control systems. The proposal appears to be a novel implementation of an idea that was previously mooted but abandoned. Importantly, controllers with asymmetric cost functions have obtained FDA approval and are undergoing clinical testing at the time of writing.
The second novel aspect is the state-dependent and asymmetric penalization of the rate of change of the predicted blood-glucose trajectory, facilitating increased insulin delivery during the "uphill" travel of a glucose excursion, while avoiding the continued delivery of excessive insulin when the glucose response is already on its "downhill" travels. This proposal appears to be new, but is still considered experimental and is not yet scheduled for testing in a clinical trial. One point of concern is the amplified response to CGM noise, and this issue is the subject of future research, both from an MPC as well as state-estimation point of view.
APPENDIX
The purpose of this appendix is to describe how the MPC problem presented in Section II-F can be formulated as a continuous, convex QP. The outline is as follows:
The asymmetric input cost function is implemented by explicitly employing two separate insulin inputs, where one is constrained to be non-negative (û ∈ R, see (5i)), the other non-positive (ǔ ∈ R, see (5j)), and penalizing each with an independent, symmetric, quadratic cost function. The cost function penalizing the excursion (see (5g)) of the predicted blood-glucose output y k + y s beyond the target zone [80, 140] mg/dL is implemented using two auxiliary optimization variables for each prediction step; the auxiliary variablesγ ∈ R andγ ∈ R quantify the excursion above and below the zone, respectively. The cost function penalizing the non-negative velocity (see (5h)) is implemented using the auxiliary optimization variable v ∈ R for each prediction step. The three new families of auxiliary variables are penalized using independent, symmetric, quadratic cost functions.
At each step i let .
The finishing steps of the transformation to a QP can be performed according to standard practice, and are not described further here. Note that the above QP has 3N y + 2N u optimization variables, whereas the MPC problem as presented in Section II-F is over N u optimization variables.
Given the solution {Û * ,Ǔ * ,Γ * ,Γ * , V * }, the insulin delivery command is given by u i :=û * 0 +ǔ * 0 .
